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The observation that some globular proteins exhibit hydrodynamic dimensions below the standard
mass-dependent scaling law is recast as a scaling problem. We show that the total volume
of a protein with a functional cavity is governed by the additive decomposition V(M) =
Vorot (M) + V! (M) + Veayity (M), and that the six structural scenarios previously described in
qualitative terms correspond to explicit constraints on the scaling exponents of each term. Around
this decomposition we identify three mathematical objects: an effective scaling exponent v/, a
fractal dimension D ; = 1/v’, and a packing-density functional ¢(M). Their composition yields a
predictive map W that converts measurable hydrodynamic data into a classification of compactness.
The note argues that this mathematical profile, rather than the qualitative taxonomy, is what makes
the phenomenon of exceptionally compact proteins operational and testable.

Keywords: scaling laws; fractal dimension; packing density; globular proteins; cavity volume;
hydrodynamic radius.

= 1 The mathematical object

The hydrodynamic radius Rg of a globular protein determined by DLS, SEC, or AUC deviates from
the ideal spherical scaling Rg oc M 13 pecause of asymmetry [, 2], hydration [3, 4], disorder [5], and
aggregation [0]. For a minority of proteins the deviation has the opposite sign: the measured Rg is
smaller than the spherical baseline. This note formalizes that anomaly [7, 8, 9, 10, 11, 12, 13].
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Let M be the molecular mass. The total volume of a protein with a functional cavity is
Vt/ot(M) = Vprot(M) + V\:oid(M) + Vcavity(M)a (1

where Vot = voM is the van der Waals volume of the polypeptide chain, V| ., is the packing-
void volume, and Veuyity is the functional cavity. For a standard globular protein of the same mass,

Viot(M) = Vrot (M) + Vyoia(M). The anomaly is the sign of Vi, — V.

Observation 1.1 (Sequential heterogeneity). The decomposition (1) assumes that Vv’oi ’ and Veayiry
are smooth functions of M. In real proteins, however, the fraction of the chain that contributes to
compact packing is not uniform along the sequence. Intrinsic-disorder analyses of proteins with
functional cavities—for example, human plakophilin-2 (PKP2, UniProt 099959), which combines an
ordered C-terminal core of ARM repeats with a disordered N-terminal portion—show that a disordered
N-terminal portion and an ordered portion coexist within the same chain, and that different disorder
predictors assign noticeably different disorder scores to the same chain [14, 15, 16]. In terms of (1),
this amounts to replacing Vo = voM by

Vorotl(M) =vo M [1 —=n(M)] +von(M) M,

where n(M) € [0, 1] is the fraction of residues in disordered regions. The first term is compact van der
Waals volume; the second is extended-chain volume, which contributes to Rq with a different exponent
(v = 0.6 for a self-avoiding chain, versus v ~ 1/3 for a globule). The mathematical consequence is that
v’ in (3) is no longer a single exponent but an effective exponent that averages over the two populations.
This does not invalidate the formalism, it makes it more realistic and explains why D ¢ for real globular
proteins falls in 2.6-2.7 rather than 3.

Assume power-law scaling for each term:
Via(M) =&’ MP, Vewiy(M) =yM°,  Vigia(M) = aMP. 2

The standard globular case has 8 = 1, so that Vysia/Vprot is constant. The six structural scenarios are then
equivalent to the algebraic constraints of Table 1.

Table 1. Correspondence between the six structural scenarios and the scaling exponents of (2).

Case Verbal condition Exponent condition
1 V\:oid = Vioid ﬂ, = ﬁ =1

2 V\:oid > Vyoid ﬂ’ > 1

3 V\:oid < Vyoid B <1

4 V\:oid — 0, Veawity = Vvoida @ —0, 6=

5 Viia = 05 Veawity > Vwoia @ — 0, 6 <

6 Viia = 05 Veawviy < Vaoia @ — 0, 6>

Result 1.2 (Main predictive function). The compactness of a globular protein is encoded in the effective
scaling exponent

, dlnRg
V' = M

3)

and the six cases of Table 1 are recovered as the sign and magnitude of v/ — 1/3. A protein is
exceptionally compact when v/ < 1/3.

Equation (3) is the mathematical core of the problem: it converts a measurable quantity (the slope of
In R, versus In M) into a classification of compactness. It is the natural scaling-theoretic analogue of the
affine predictor of linear calibration.
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2 Three derived objects

The exponent (3) is not yet a usable tool. Three mathematical objects complete it.

First, the fractal dimension [17]. Since Ry «c M V' the mass fractal dimension is
Dy=—. “

For an ideal sphere Dy = 3; for a Gaussian chain Dy = 2; for globular proteins D ~ 2.6-2.7,
consistent with the empirical range v ~ 0.37-0.39 reported in [17]. Exceptionally compact proteins
satisfy D ¢ > 3 — 1 /vgjop.

Second, the packing-density functional. The fraction of volume occupied by the chain is

Vprot(M) _ voM
Vi (M) voM +a’MP +yM9S’

p(M) = (%)
which generalizes the Kepler bound 7/ V18 ~ 0.7405 [18, 19]. For 8’ = 8 = 1 and y = 0, (5) reduces to
the constant packing fraction of an ideal close-packed solid; for 8’ > 1 it decays with mass, as reported

in [20, 21, 22].

Third, the compaction index. Define
C(M) =Dyp(M)-2¢€(0,1), (6)

so that C = 0 corresponds to a Gaussian chain and C = 1 to a perfect sphere. Exceptionally compact
proteins are those with C(M) > Cglop, Where Cgiop = 0.63 is the globular baseline.

3 The predictive map

Composing the three objects with (3) gives the predictive map
¥(Rg, M) = (v'(M), Ds(M), C(M)), 0

with v/(M) = dInR,/dIn M. The user enters a set of (R, M) pairs, estimates the local slope, and
receives a fractal dimension, a compaction index, and a classification into one of the six cases of Table 1.
The map W is the mathematical profile of the phenomenon: it is what makes the notion of “exceptionally
compact” operational, in the same way that the affine predictor made the nonheme iron assay operational.

The same construction extends to multivariate descriptors. If hydration, asymmetry, and disorder are
recorded as additional covariates, (3) becomes a multiple regression in log—log coordinates,

InRg = Bo+v' InM + By In(1 + hyd) + B> In(1 + asym) + &, ®)

whose matrix solution ,/3' = (X™X)"'XTy is the natural bridge to chemometric and structural-
bioinformatics practice.

Remark 3.1 (On the disorder covariate). The disorder covariate in (8) is not arbitrary. The variability
among disorder predictors—the systematic disagreement between methods documented by the CAID
assessment, and the method-dependence of per-residue disorder scores returned by tools such as RIDAO
[14, 15, 16]—indicates that (M) is an observable that is definition-dependent on the method, not a
unique intrinsic property. Consequently, the coefficient 8; of (8) must be interpreted as a sensitivity
to the disorder estimator, and its confidence interval must incorporate the inter-predictor dispersion,
not only the fit error. This is the mathematical translation of the qualitative observation that distinct
algorithms (composition, hydropathy, charge, machine learning) produce contrasting local profiles.
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4 OQOutlook

The phenomenon of exceptionally compact globular proteins admits a compact mathematical profile
organized around the effective scaling exponent (3) and the predictive map (7). The disciplines that
sustain it are scaling theory and fractal geometry [17], supported by linear algebra and regression, and by
the geometry of sphere packing [18, 19]. Framing the phenomenon in these terms does not replace the
structural biology [20, 21, 22]; it makes it reproducible and testable, which is precisely what a short note
can contribute to a problem that has so far been described only qualitatively.

The case of proteins with an ordered core and disordered N-terminal regions (e.g., PKP2) suggests
that the natural extension of (7) is a map W(R,, M, n) that separates the compact from the extended
contribution, rather than a two-variable V.
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